The z = 4.3 overdensity SPT2349−56 has been proposed as one of the most actively star-forming proto-clusters known, and we have undertaken an extensive ALMA spectroscopic follow-up programme of this system to search for far infrared-luminous protocluster members via their [Cii] 158 µm and CO(4-3) line emission. In addition to robustly detecting the 14 previously published galaxies in this structure, we identify a further 15 associated galaxies at z = 4.3. These proto-cluster members are distributed into a central core containing 23 galaxies extending out to 300 kpc in diameter, and a northern extension, offset from the core by 400 kpc and containing three galaxies. We discovered three additional galaxies in a red Herschel -SPIRE source 2 Mpc from the main structure, suggesting the existence of many other sources at the same redshift as SPT2349−56 that are not yet detected in the limited coverage of our data. An analysis of the velocity distribution within the core indicates that this region may be a nearly virialized structure with a mass of (9±5) × 10 12 M , while the two offset substructures show significant velocity offsets from the central structure. We calculate the [Cii] and far-infrared number counts, and find evidence for a break in the [Cii] luminosity function around 4 × 10 9 L . We estimate the average SFR density within the region of SPT2349−56 containing single-dish emission (a proper diametre of 720 kpc), assuming spherical symmetry, to be roughly 40,000 M yr −1 Mpc −3 ; this is an order of magnitude greater than the most extreme examples seen in simulations.
INTRODUCTION
The largest gravitationally-bound objects in the Universe are galaxy clusters, which have evolved from the largest overdensities seeded in the very early Universe into Mpc-sized structures presently containing thousands of galaxies. Cosmological simulations and observations indicate that these structures are built up hierarchically, where small overdensities initially collapsed and later merged to form large overdensities; however, the details of this process are far from understood, in particular, we don't yet know how cluster formation affects galaxy evolution, and what roles may be played by active galactic nuclei (AGN) feedback (e.g., McNamara & Nulsen 2012; Pike et al. 2014; Smolčić et al. 2017) , or by star-formation downsizing (e.g., Magliocchetti et al. 2013; Miller et al. 2015; Wilkinson et al. 2017) .
One way to investigate these issues is to look for clues in local, fully-formed clusters. Local clusters are dominated by elliptical galaxies (e.g. Dressler 1980 ) that are much more red than their field counterparts (e.g., Wake et al. 2005; Stott et al. 2007) , and similarly show very little star-formation activity (e.g., Balogh et al. 1998; Lewis et al. 2002; Tanaka et al. 2004 ). These observations suggest that the bulk of the star-formation activity in galaxy clusters occurred before redshifts of 2 (e.g., Snyder et al. 2012; Willis et al. 2020) .
A more direct way to investigate galaxy cluster formation is to observe galaxy clusters at high redshifts. We now find galaxy clusters out to redshift 2 by looking for observational signatures such as X-rays emitted by hot inter-cluster gas (e.g., Rosati et al. 2009; Gobat et al. 2011; Andreon et al. 2014; Wang et al. 2016; Mantz et al. 2018) , the Sunyaev-Zeldovich effect (e.g., Planck Collaboration XX 2014; Bleem et al. 2015; Huang et al. 2019) , and galaxy-based searches (e.g., Andreon & Huertas-Company 2012; Papovich et al. 2010; Zeimann et al. 2012; Stanford et al. 2012; Muzzin et al. 2013 ), but beyond this epoch, their observational signatures become much less defined, since these structures have not yet virialized. With this in mind, following Overzier (2016) , we adopt the definition that a 'galaxy cluster' is a virialized object with M > 10 14 M , and a 'proto-cluster' is a structure that will one day become a galaxy cluster. Because protoclusters at redshift > 2 are expected to have high merger rates and correspondingly high star formation rates (e.g. Casey 2016), they contain a large number of dusty galaxies that can be more easily observed as luminous starbursts at (sub-)millimetre wavelengths and as AGN at radio wavelengths (e.g., Miley & De Breuck 2008; Galametz et al. 2013; Rigby et al. 2014) .
Distant proto-clusters are excellent laboratories for studying not only the details of cluster formation, but also galaxy evolution and star formation, since these processes are likely undergoing their most active phase at this epoch. A number of proto-clusters have been discovered beyond redshifts of 2, typically through their rest-frame optical emission, which traces unobscured stellar light (e.g., Steidel et al. 2000; Shimasaku et al. 2003; Steidel et al. 2005; Venemans et al. 2007; Chiang et al. 2015; Dey et al. 2016; Harikane et al. 2019) , or as overdensities of submillimetre galaxies (SMGs), which probes their rest-frame far-infrared emission and traces star formation (e.g., Tamura et al. 2009; Chapman et al. 2009; Dannerbauer et al. 2014; Chiang et al. 2015; Flores-Cacho et al. 2016; Umehata et al. 2015; Casey et al. 2015; Hung et al. 2016; Oteo et al. 2018; Lacaille et al. 2019; Kneissl et al. 2019 ). However, comparing these systems to current simulations is challenging due to their very low number density, which requires large simulated cosmological volumes, and because they contain very massive galaxies with high gas and stellar densities that require significant resolution to simulate accurately.
Recently, one such structure, SPT2349−56, was identified as an incredibly luminous 870-µm flux density source at redshift 4.3 (S 870 = 110 ± 10 mJy, corresponding to a starformation rate (SFR) > 10,000 M yr −1 ) within which 14 SMGs were spectroscopically confirmed in the core region, making it potentially one of the highest density protoclusters known at this epoch (Miller et al. 2018) . However, only the central component of the structure was probed, leaving open the possibility that the remaining flux density could be due to chance alignments along the line of sight (e.g., Hayward et al. 2018) . Establishing more proto-cluster members through further spectroscopic observations would provide further evidence that this system is the progenitor to a rich galaxy cluster (perhaps even as large as the Coma Cluster), as opposed to a starved core that evolves into a much smaller galaxy group (as seen in some systems, see e.g. Lovell et al. 2018) . Additionally, redshift 4.3 SMGs in the field are known to be quite rare (the median redshift being about 2.5, see Chapman et al. 2005; Simpson et al. 2014) , making this a particularly interesting and statistically robust sample of galaxies undergoing accelerated evolution from which we can learn about the complex interplay between star formation, galaxy formation, and cluster formation.
In this paper, we report the results from an extensive follow-up programme of SPT2349−56 using the Atacama Large Millimeter/submillimeter Array (ALMA; Wootten & Thompson 2009 ), which aimed to spectroscopically confirm new proto-cluster members and spatially resolve the galaxies responsible for the intense star-formation observed. In Section 2, we outline how SPT2349−56 was selected from the SPT survey, summarize previous observations of this protocluster, and describe our new ALMA follow-up efforts. In Section 3 we present our data analysis methods, including a blind redshift search for new galaxies, and in Section 4 we present our results. Section 5 discusses our findings, and the paper is summarized and concluded in Section 6.
OBSERVATIONS
2.1 Selection from the South Pole Telescope survey SPT2349−56 was initially discovered as part of the South Pole Telescope (SPT) extragalactic millimetre-wave pointsource catalogue (Vieira et al. 2010; Mocanu et al. 2013; Everett et al. in prep.) , a collection of bright (S 2 mm > 5 mJy at > 4.5 σ) sources found in the SPT 2500 deg 2 survey that are unresolved by SPT's 1 arcmin beam. From a total sample of over 1000 objects, roughly 200 were classified as dusty starforming galaxies based on their spectral indices. Of these, the brightest were followed up with the Atacama Pathfinder Experiment (APEX) telescope's Large APEX BOlometer CAmera (LABOCA; Kreysa et al. 2003; Siringo et al. 2009 ) instrument at 870 µm, and a flux selection was made at S 870 > 25 mJy, resulting in a final sample of 81 SMGs. A dedicated follow-up campaign using a number of optical-through-millimetre wavelength facilities, including ALMA, the Spectral and Photometric Imaging REceiver (SPIRE; Griffin et al. 2010 ) on board the Herschel satellite, and Spitzer 's Infrared Array Camera (IRAC; Fazio et al. 2004) , was subsequently undertaken to determine the nature of these incredibly bright star-forming galaxies (Vieira et al. 2013; Weiß et al. 2013) ; some reached flux densities of 100 mJy at 870 µm, meaning that they could only be strong gravitational lenses or collections of galaxies densely packed within SPT's 1 arcmin beam. It was found that about 90 per cent of the sources are indeed strong gravitational lenses with magnification factors reaching up to about 30, and that the remaining 10 per cent show no evidence for lensing and are instead likely to be intrinsically ultra-luminous galaxies or collections of galaxies (Hezaveh et al. 2013; Spilker et al. 2016) .
SPT2349−56 is the brightest of these unlensed sources, with S 1.4 = 23.3 mJy. Further follow-up with ALMA in Cycle 1 at 3 mm and the APEX telescope's First Light APEX Submillimeter Heterodyne (FLASH; Heyminck et al. 2006) instrument revealed that the structure is composed of a bright central component at a redshift of 4.3 (Greve et al. 2012; Strandet et al. 2016) , and a fainter northern extension (see Fig. 1 ).
Follow-up ALMA observations
Since its discovery and redshift determination, SPT2349−56 has been the subject of numerous ALMA follow-up studies. High-resolution spectroscopy targeting the CO(4-3), [Cii] 158 µm, and [Nii] λ205 µm transitions in the core region of SPT2349−56 were carried out in Cycles 3 and 4 and used to securely identify 14 central galaxies (Miller et al. 2018) ; for reference, the depths of these observations were 0.2 mJy beam −1 for the CO(4-3) transition, 1.1 mJy beam −1 for the [Cii] transition, and 0.4 mJy beam −1 for the [Nii] transition. Here we report on a suite of new ALMA observations undertaken during Cycles 5 and 6, covering a much larger area with greater depth.
The Cycle-5 observations used in this paper targeted two of the lines observed in the previous cycles, [Cii] in Band 7 (ν rest = 1900.537 GHz) and CO(4-3) in Band 3 (ν rest = 461.041 GHz). Our [Cii] coverage included a threepointing mosaic of the brighter central component of SPT2349−56, covering a much larger area than the existing data, and a single pointing of the previously unobserved northern component, both down to a depth of about 0.3 mJy beam −1 per 13 km s −1 channel. Our CO(4-3) pointings covered the entire 870-µm emission region, including the previously unobserved northern component, down to 0.07 mJy beam −1 per 54 km s −1 channel. The [Cii] observations were tuned to place the line in the centre of the upper sideband, while for the CO(4-3) observations the tuning was set to place the line in the lower sideband.
The Cycle-6 observations presented in this paper also targeted the [Cii] and CO(4-3) transitions in Bands 7 and 3, respectively. The goal of the [Cii] observations was to cover most of the central component of SPT2349−56 with a frequency setup similar to that of the Cycle-5 data, but with higher angular resolution in order to resolve morphologies. The goal of the CO(4-3) observations was to provide coverage of the outskirts of the structure. The setup of these Band 3 observations was also chosen to be similar to that of the Cycle-5 CO(4-3) observations in order to allow the data to be combined into a single deep CO(4-3) map. The depth of the Band-7 data was approximately 0.4 mJy beam −1 per 13 km s −1 channel, and the depth of the Band-3 data was approximately 0.06 mJy beam −1 per 54 km s −1 channel. We note that the Cycle 5 and 6 depths quoted above do not include existing observations from previous cycles.
In addition to targeting the main structure of SPT2349−56, we also used existing Herschel -SPIRE data to identify five red Herschel sources surrounding SPT2349−56 using 250 µm positions as priors; here 'red' is defined as S 500 > S 350 > S 250 , with a signal-to-noise above 3 at both 250 and 500 µm (see Miller et al. 2018 for details). One of these five sources lies close to the central structure and was covered by our extended CO(4-3) mosaic; the remaining four sources were targeted in dedicated Cycle-6 Band-3 observations, with the expected CO(4-3) transition centred in the lower sideband, and these pointings reached depths of 0.1-0.2 mJy beam −1 per 54 km s −1 channel. An overview of the observations is shown in Fig. 1 and summarized in Table  1 . It is also important to recall that the sensitivity of these observations to source-detection depend on the synthesized beams, which in turn depend on the array configurationsthus in Table 1 we also provide beamsizes for each dataset.
DATA ANALYSIS

Data reduction
The ALMA data were calibrated using CASA 1 and the observatory-provided calibration scripts. Dirty and cleaned data cubes for each of the observations reported in Table 1 were produced using the CASA function tclean with Briggs weighting and a robust parameter of 0.5. Continuum images were also produced using tclean for the sidebands that did not contain any line emission using multi-frequency synthesis (MFS).
Additionally, we combined the uv data from the Cycle-5 and 6 observations of [Cii] in the core region ('3-point mosaic of central LABOCA source' and '6-point mosaic of central LABOCA source' in Table 1) 
Blind source search
Given the significantly deeper data for the core of SPT2349−56 compared to that reported in Miller et al. (2018) (which was 0.9 mJy beam −1 per 13 km s −1 channel at the observed [Cii] frequency), we expect to discover a number of new sources in both line emission and in the continuum. However, lacking any knowledge of where these new sources might be in our data cubes, it was necessary to per-form blind line and continuum source searches. In addition, since some of the fainter sources in Miller et al. (2018) were not significantly detected in [Cii] but instead were derived from a joint analysis of [Cii] and CO(4-3), we would like to confirm their [Cii] properties.
To accomplish this, we used the publicly-available code LineSeeker (see González-López et al. 2017 . Briefly, LineSeeker convolves a primary beam-uncorrected data cube with a number of Gaussians of varying width along the spectral axis. The noise per channel is assessed iteratively by computing the standard deviation of all the pixels in a given channel, then re-computing the standard deviation of all the pixels whose absolute values are lower than 5 times the initial noise estimate. Signal-tonoise ratio (S/N) peaks are then located in both positive and negative flux density pixels and returned to the user.
We ran LineSeeker on a total of seven data cubes: 1) the combined, extra-deep [Cii] map of the main core region; 2) the combined, deep CO(4-3) map of the entire structure plus the outskirts; 3) the [Cii] map of the fainter northern region; and 4-7) the four pointings of surrounding red Herschel sources. Here we chose to search for sources through the dirty data cubes in order to minimize the possibility of picking up artefacts introduced by the cleaning. We searched for [Cii] peaks ranging from a single channel to 1000 km s −1 in FWHM, over a velocity range encompassing ±1500 km s −1 relative to the mean redshift of 4.304 reported by Miller et al. (2018) . This velocity range corresponds to the total bandwidth available in the sideband containing the expected [Cii] emission. Within each data cube we took all positive-pixel line peaks with a S/N greater than the most significant negative-pixel line peak to be detections.
In the [Cii] map of the core, we found negative peaks down to a S/N of 6.2. Using this as our threshold, we identified the 14 known sources found by Miller et al. (2018) , and nine new sources. In the [Cii] pointing of the northern region there were negative peaks down to a S/N of 5.9, but only one bright source was found to be more significant than this. Across our deep CO(4-3) map the most significant negative peak was at a S/N of 5.9, and in addition to finding 11 of the above [Cii] sources, two additional sources were found just outside of our [Cii] coverage in the northern region. Out of our four red Herschel targets, sources were only found in one pointing, SPIREc. Here, the most negative peak was at a S/N of 5.6, and three sources were more significant than this. In the other three pointings, SPIREb, SPIREd, and SPIREe, negative peaks were seen down to 5.9, 6.1, and 6.3, respectively. There were no correspondingly more significant positive peaks. Despite the fact that these Herschel followup pointings did not turn up any sources, we note that the targets were all quite low S/N in the SPIRE data, and none showed significant 870-µm emission in our LABOCA map. This means that there could be other red sources at the same redshift as SPT2349−56 with low S/N in the Herschel data that we have not yet targeted.
We also searched our maps for continuum sources (i.e. interloping foreground/background sources not associated with the structure of SPT2349−56) by averaging over all channels. The noise levels of these continuum maps were estimated on a pixel-by-pixel basis by calculating the local rms within circles of 1.5 arcsec (after masking all of the sources detected by their line emission), and then we ran a peak-finding algorithm on the resulting maps, looking for both positive flux density and negative flux density peaks. Similar to our line search, we looked for positive flux density peaks with a higher significance than the most significant negative flux density peak. This time we chose one S/N cutoff for all Band 3 data and another for all Band 7 data, based on the most significant negative peaks across all five and two maps, respectively. This continuum search found negative peaks down to a S/N of 5.0 in the Band 3 data and 5.6 in the Band 7 data. While no new sources were found in the Band 3 data that are more significant than a S/N of 5.0, two were found in the Band 7 data in the central region and one in the northern region. These 29 line detections and three continuum detections constitute our current sample of SPT2349−56 galaxies, and are summarized in Fig. 2 . Sources are named firstly according to the region where they are located, where 'C' refers to the core, 'N' refers to the northern component, and 'SPIREc' refers to the red Herschel source SPIREc, and secondly in order of decreasing [Cii] line strength for the core, and decreasing CO(4-3) line strength for the northern component and SPIREc (see Section 3.4 for details about line strength measurements). Continuum-only sources are designated as 'NL' (no line) and ordered by decreasing 850 µm flux density.
Extended [Cii] emission
Around the bright central galaxies C3, C6, and C13 (see Fig. 2 ) an arc of extended [Cii] gas is seen between 357.98 and 358.33 GHz, or between 130 and 420 km s −1 relative to the mean redshift of the structure. The typical specific intensity of this arc is about 1 mJy arcsec −2 at a single channel, with peaks at the 2 mJy arcsec −2 level, and the local noise was estimated to be 0.3 mJy arcsec −2 by taking the rms within a 2 arcsec-diametre circular aperture just outside of the extended emission region after masking all known sources. To investigate this extended emission, we average over these frequencies (i.e. compute a moment 0 map) while masking pixels below 1σ and above 10σ (where σ is the local rms, calculated in the same was as above). The resulting map is shown as the inset in Fig. 2 , along with 1.25σlevel contours. It can be seen that there is extended emission above the 1.25σ level encircling a number of central galaxies, and in particular sources C16, C22, and C23 are embedded within it (source C11 is spatially close to this emission as well, but has a significantly different velocity offset).
There are many ways to explain the nature of the extended emission seen here, including tidal tails resulting from gravitational interactions amongst galaxies, in particular through major mergers (e.g., Toomre & Toomre 1972; Barnes 1988) , or an expanding shell of ionized gas (as seen for example in local gas-rich galaxies, e.g., Heiles 1979; McClure-Griffiths et al. 2002) . Extended [Cii] emission on scales of 20-30 kpc has also been statistically detected surrounding z = 4-7 galaxies through stacking analyses (Fujimoto et al. 2019; Ginolfi et al. 2019 ). However, a more thorough analysis is required to understand what we are seeing, and will be done in future work.
Source properties
The statistical properties of our un-combined maps, where the array was in a single configuration, are more homogenous and easy to estimate (i.e. the depth is more uniform throughout most of the surveyed area), and additionally have lower angular resolution, reducing the amount of resolved-out flux, thus we estimated the continuum strengths and line properties of our sources using the Cycle-5 3-pointing mosaic for , with LABOCA 870-µm contour levels shown in grey. Orange contours show our CO(4-3) data obtained from the combined map, also averaged over ±1500 km s −1 . Sources detected via line emission are circled in green, and those detected via continuum emission are circled in blue. A blue circle of radius 90 kpc (proper distance) has been draw around the 850-µm flux-weighted centre, which is used here as the nominal radius of the core (see Section 4.2.1). For reference, a black dashed circle of radius 65 kpc (also proper distance) is also shown, which was used by Miller et al. (2018) when our wider coverage data were not available. The inset panel shows the extended [Cii] emission found near the centre of the field after averaging channels between 130 and 420 km s −1 , with pixels fainter than 1σ and brighter than 10σ masked (where σ is the local rms); the contours are 1.25σ, showing that the extended emission rises above the 1σ level in an arc around galaxies C16, C23, and C11. Right the central sources, and the Cycle-5 single pointing for the northern sources. Similarly, for Band 3 we used the Cycle-5 2-pointing mosaic to measure line and continuum properties. Lastly, the high-resolution Cycle-6 Band-7 imaging was used to estimate the sizes of our sources. All line and continuum measurements were made on primary beam-corrected maps.
Line and continuum emission
Since many of the sources we observed are resolved (especially in our [Cii] maps, where the resolution is 0.5 arcsec or better), it was necessary to perform aperture photometry. Elliptical apertures were designed for each source manually using the [Cii] data cubes (or otherwise the CO(4-3) data cubes when no [Cii] imaging was available) as follows.
First, 2 arcsec-diametre circular apertures were placed on each source, and spectra were obtained by integrating over the pixels and binning the channels by a factor of 4 in order to reduce the noise. From the resulting spectra we tried fitting a constant, a single Gaussian and a double Gaussian model to the line profiles, and took the model with the reduced χ 2 closest to 1 to be the best fit. We then stacked the channels from −3σ to 3σ (where σ is the standard deviation of the best-fitting linewidth), or for cases where two Gaussians was a better fit, from −3σ L to +3σ R , where σ L and σ R are from the left and right Gaussian fits, respectively. We also stacked the channels that did not contain line emission to produce continuum images. We plotted our apertures overtop of these line and continuum images and adjusted the apertures to enclose each source out to about 2σ in the image plane, then repeated the procedure until the apertures enclosed each source in our best-fitting line and continuum stacks out to 2σ. These same apertures were then used on the CO(4-3) maps, and for our CO(4-3) spectra the noise was reduced by binning by a factor of 2.
For the three galaxies detected only in the contin-uum (NL1, NL2, and NL3) the best-fitting models are a constant; these sources could be chance line-of-sight alignments of galaxies at other redshifts, or sources with small line/continuum ratios. We note that NL1 and NL3 also lie close to the edge of our [Cii] maps where the primary beam response is low, making it possible that their [Cii] lines are simply undetected due to the noise. These sources might also be outside of the velocity range probed by our [Cii] observations (± 1500 km s −1 ) and too faint in CO(4-3); this interpretation is consistent with NL2 and NL3, whose 850 µm continuum flux densities are the same magnitude as other sources with no (or low S/N) CO(4-3) detections, but NL1 is much brighter at 850 µm, and sources of similar brightness have well-detected CO(4-3) lines. Redshifts were determined from the best-fitting Gaussian means, and line strengths were obtained by integrating the spectra from −3σ to 3σ. In the case of a two-peaked fit, we calculated the best-fitting amplitude-weighted average of the two best-fitting means to calculate a redshift, and the integration bound for the line strength was −3σ L to +3σ R . Positions were calculated from the brightest pixel in the stacked line images except for NL1, NL2, and NL3, where we used the brightest pixel in the stacked continuum images.
We checked that our apertures were not missing flux by comparing line strengths and continuum flux densities computed with larger aperture sizes. We looked at 10 bright and isolated sources, then determined their line strengths by integrating over the same frequency range as above but increasing the aperture size by 1 pixel up to 6 pixels, and similarly determined their continuum flux densities by stacking the remaining line-free channels. We found that over this aperture range half of the resulting line strengths increased by less than 2 per cent relative to the apertures we used for our measurements, and the remaining half increased by less than 15 per cent, while seven continuum flux densities strictly decreased and the remaining three increased by less than 2 per cent. Therefore, while increasing our aperture sizes may capture more line emission, it would also on average result in a loss in continuum flux density, thus our apertures should be striking a good balance between these two measurements.
We found that the weighted mean redshift of the sources located within the core is 4.30280±0.00002, in agreement with the findings of Miller et al. (2018) , who determined the mean redshift of the core sources to be 4.304±0.002. Meanwhile, the weighted mean redshift of the northern component is 4.3128±0.0002 (a velocity offset of 566 km s −1 relative to the core), and that of SPIREc is 4.2817±0.0002 (a velocity offset of -1194 km s −1 relative to the core). For the remainder of this paper, we report all line-of-sight velocities relative to the mean redshift of the main central component.
In Table 2 we provide the positions and relative velocities of all 32 galaxies in our sample; in this table we use positions and relative velocities measured from [Cii] detections when possible, but for galaxies N2, N3, SPIREc1, SPIREc2, and SPIREc3, which only have CO(4-3) observations, we use positions and relative velocities measured from the CO(4-3) line. For galaxies NL1, NL2, and NL3, where no line was detected, we provide the positions of the peak pixels in the continuum maps. In Table 3 we give the integrated line strengths, line luminosities, and linewidths obtained from the fits. Where the line profile is best fit by a double Gaussian, we report both FWHM. For cases where no line is detected we provide 1σ upper limits on line strengths and luminosities calculated as the average uncertainty from our measurements.
We also measured continuum flux densities by stacking all channels that did not contain line emission and using the same photometry apertures; these continuum measurements are given in Table 2 , and for completeness we also give the continuum measurements at 1.1 mm from Miller et al. (2018) . For cases where the errorbars overlap with 0 we give 1σ upper limits. We note that sources C3 and C12, as well as sources C13 and C16, are completely blended in the CO(4-3) data cubes. Since sources C3 and C13 are much brighter than C12 and C16, we simply report C12 and C16 as non-detections in Band 3 and provide line and continuum measurements of C3 and C13 only. Cutouts of all these sources, showing both stacked continuum and line emission contours, alongside their corresponding spectra with bestfitting Gaussian profiles, are shown in in Appendix A.
Far-infrared luminosities
From these continuum flux-density measurements, following the model outlined in Greve et al. (2012) , we fit a greybody spectral energy distribution (SED) to each source that has one or more continuum detections (see Table 2 ; for sources with one flux density detection this simply amounts to scaling the greybody function). As our photometric data do not cover a very broad wavelength range, we do not have the ability to constrain the dust temperatures of this model, so we use a fiducial dust temperature of T d = 39 K (the median dust temperature of the SPT-SMG sample found by Strandet et al. 2016) . We then fix the emissivity indices β = 2, the critical wavelengths λ 0 = 100 µm, and the redshifts to the mean of the cluster, 4.303. The best-fitting modified blackbody functions were integrated from 42 to 500 µm in order to obtain far-infrared luminosities (L FIR ), consistent with the integration range used in similar studies, and we use a conversion factor of 0.95 × 10 −10 M yr −1 /L (from Kennicutt 1998, modified for a Chabrier initial mass function; see Chabrier 2003) to convert the far-infrared luminosities into SFRs; these values are also provided in Table 2 .
We note that our observations do not reach the peak of the modified blackbody SEDs (which is at about 400 µm in the observed frame) but instead lie in the Rayleigh-Jeans (long wavelength) limit, thus the fits are uncertain, and in addition assuming a constant dust temperature for all sources may not be a good approximation. To provide a rough estimate of this systematic uncertainty, we found that a ± 5 K variation in the dust temperature produced a variation of ± 50 per cent in our SFR estimates. The uncertainties provided in Table 2 are purely statistical, and do not take into account this potential systematic error.
Half-light radii
Lastly, half-light radii were measured in using the highresolution Band-7 dust continuum data obtained in Cycle 6. As shown in Table 1 , the resolution of this data is about 0.2 arcsec, sufficient to resolve many of the galaxies in our sample, but on the other hand the depth is about 25 per cent worse than the Cycle-5 Band-7 data covering the same region, thus we only expect to see resolved images of our brightest sources.
Based on our best-fitting Gaussian profiles described above, we created 3 × 3 arcsec cutouts of each source by stacking the frequency channels in our high-resolution data containing no line emission in order to produce highresolution continuum images. We then modelled these images as Sérsic profiles convolved with the best-fitting elliptical Gaussian synthesized beam produced by tclean during the imaging process, and we allowed the Sérsic index to vary. Since many sources are not detected in the continuum in this data, fits were only done for sources brighter than 3σ in the continuum stacks. We also note that source C7 resolves into a complicated structure, possibly a pair of merging galaxies, and we do not attempt to fit a Sérsic profile and measure a half-light radius for it. The best-fitting half-light radii are provided in Table 2 , and in Appendix B we show the high-resolution continuum images, best-fitting models and residuals. We find that the half-light radii range from 0.7 to 2.1 kpc, with a mean of 1.5 kpc and a dispersion of 0.5 kpc.
RESULTS
Velocity distribution
The spatial distribution of sources, shown in Fig. 1 and Fig. 2 , is suggestive of three main groups of galaxies: a core group; a northern group; and a SPIREc group. To investigate this, in Fig. 3 we show the velocity histogram of our sources, with core sources coloured in blue, northern sources coloured in red, and SPIREc sources coloured in red. The distribution of galaxies in the northern and SPIREc components are indeed largely offset from the core by about ± 1000 km s −1 , however, small number statistics means that we cannot draw any strong conclusions here. In Fig. 3 we also show the cumulative distribution of the core sources, and compare this to the cumulative distribution of the whole sample.
The standard deviation of relative radial velocities within the central region was estimated to be (358 ± 54) km s −1 , and in Fig. 3 we show a Gaussian distribution with a standard deviation of 358 km s −1 for comparison. We can see that the core galaxies do exhibit a nearly Gaussian distribution, as expected for relaxed systems that are gravitationally bound, but there may be some hint of interesting substructure within the distribution. To test the Gaussianity of our sample, we perform a Lilliefors test (Lilliefors 1967) , which is based on the commonly-used Kolmogorov-Smirnov test for cases where the underlying mean and variance are not known, but instead estimated by the sample mean and variance. Our null hypothesis is that the relative radial velocities in the core follow a Gaussian distribution. First, we find the maximum distance between the sample cumulative distribution and the Gaussian cumulative distribution with our sample mean and variance (i.e. the maximum distance between the blue and magenta curves shown in Fig. 3 ) to be 0.15, and second, we find the corresponding p-value from the Lilliefors distribution (which takes into account a range of underlying means and vari-ances) to be 0.20, meaning that the probability of obtaining a maximum distance of 0.15 or greater is 20 per cent if the relative radial velocities are Gaussian-distributed. We therefore do not find strong evidence for rejecting the null hypothesis that the relative radial velocities in the core are Gaussian-distributed.
Mass estimates
Mass from velocity dispersion
Under the assumption that the core of SPT2349−56 has virialized, we can ask what its total mass is based on the velocity dispersion of the constituent galaxies. While it is probably not entirely true that the core has completely virialized as it may still be in the process of collapsing, our analysis of the distribution of relative velocities suggests that this is not a bad approximation.
Before estimating the mass we must first deal with completeness, since we want to calculate the velocity dispersion within a region that has been approximately uniformly sampled. We first compute the 850-µm flux-weighted centre of the core, and we find that the smallest proper distance between this centre and a point where our primary-beam response drops to 0.5 is about 90 kpc (or about 13 arcsec). We therefore take this to be the effective radius of the core region where our data is approximately complete; this removes galaxy C19 from the analysis. We note that Miller et al. (2018) used a smaller radius of 65 kpc in their analysis, since the newer more extended data were not available at the time. For reference, we have plotted the circle used in this analysis in Fig. 2 , as well as the circle used by Miller et al. (2018) .
The velocity dispersion of the galaxies within this region is σ r = (376 ± 68) km s −1 using the biweight estimator (Beers et al. 1990) , which is a more robust estimator for the underlying standard deviation when the sample size is not large. We then convert this velocity dispersion into a mass using the scaling relation found by Evrard et al. (2008) , which is based on a suite of N-body simulations run with different cosmologies:
where h(z) = H(z)/100 km s −1 Mpc −1 . The resulting mass is (9±5) × 10 12 M ; we note that Miller et al. (2018) estimated a core mass (using the same scaling relation) of (12±7) × 10 12 M , based on the velocity dispersion of 14 sources. If we restrict our calculation to the same sources we find a velocity dispersion of (398 ± 78) km s −1 and a mass of (11±7) × 10 12 M , which is entirely consistent with their result. Another question we can ask is, given the presence of a 9 × 10 12 M central object, are the surrounding components gravitationally bound. In Fig. 4 we show the measured lineof-sight velocities of the galaxies in the proto-cluster system (scaled by a factor of √ 3, since we have only measured line-of-sight velocities). We also plot the escape speed for a point mass of 9 × 10 12 M as a function of distance, given by v esc = 2GM/R; galaxies with velocities that fall within the envelope are expected to be gravitationally bound, and Table 2 . Observed properties and derived quantities of sources found in the SPT2349−56 proto-cluster field. In this table dashes indicate non-detections, and dots represent cases where no data are available. All upper limits are 1σ. Sources are named firstly according to the region where they are located (where 'C' refers to the core, 'N' refers to the northern component, and 'SPIREc' refers to the red Herschel source SPIREc), and secondly in order of decreasing [Cii] line strength for the core, and decreasing CO(4-3) line strength for the northern component and SPIREc. Continuum-only sources are designated as 'NL' and ordered by decreasing 850-µm flux density. Names given in Miller et al. (2018) are provided in brackets.
Name
Ra Dec Half-light radius (as proper distance) from fitting Sérsic profiles to the high-resolution Band-7 continuum data obtained in Cycle 6. c Proper distance from 850-µm flux-weighted centre at 23:49:42.41 −56:38:23.6. d Continuum flux density at 3.2 mm, measured from the CO(4-3) map channels with no line emission. e Continuum flux density at 1.1 mm from Miller et al. (2018) . f Continuum flux density measured at 850 µm from the [Cii] map channels with no line emission. g Far-infrared luminosity, obtained by fitting a greybody function to the available continuum flux density measurements (see Greve et al. 2012 ) and integrating from 42 to 500 µm. In the fitting process β was fixed to 2, λ 0 was fixed to 100 µm, and the dust temperature, T d , was fixed to 39 K, the median dust temperature found in the SPT-SMG sample (Strandet et al. 2016) . Where only continuum flux density upper limits are available, we scale the 850-µm flux density upper limit to estimate an upper limit on L FIR except for source N3, where we scale the 3.2-mm flux density upper limit. The uncertainties quoted here are purely statistical, and systematic uncertainties could vary these values by a factor of a few. h Using a conversion factor from L FIR to SFR of 0.95 × 10 −10 M yr −1 /L . The uncertainties quoted here are purely statistical, and systematic uncertainties could vary these values by a factor of a few.
those outside the envelope have velocities that exceed the escape speed of the central mass and are expected to leave the system on hyperbolic orbits. We find that the galaxies found in the northern extent of SPT2349−56 and in SPIREc show velocities greater than the expected escape velocity. While this suggests that the northern and SPIREc galaxies will not end up falling into the potential well of the core, it is still very likely that they will remain bound within the entire proto-cluster system. Table 3 . Line characterization and derived quantities of sources found in the SPT2349−56 proto-cluster field. In this table dashes indicate non-detections, and dots represent cases where no data are available. All upper limits are 1σ, and the limits on line strengths and luminosities were derived as the average uncertainty from our measurements. Sources are named firstly according to the region where they are located (where 'C' refers to the core, 'N' refers to the northern component, and 'SPIREc' refers to the red Herschel source SPIREc), and secondly in order of decreasing [Cii] line strength for the core, and decreasing CO(4-3) line strength for the northern component and SPIREc. Continuum-only sources are designated as 'NL' and ordered by decreasing 850-µm flux density. Names given in Miller et al. (2018) are provided in brackets. 3σ, 3σ] , where σ is the linewidth (in units of standard deviation) as determined from the best fit. In the case of a two-peaked fit, the integration bounds are [−3σ L , 3σ R ], where σ L and σ R are from the left and right Gaussian fits, respectively. b Line luminosity, calculated using L = 4πD 2 L F, where D L is the luminosity distance and F is the line strength. c FWHM from the best-fitting single Gaussian models for the emission lines; where two peaks are detected, we provide both FWHM. d Dynamical mass, calculated using the isotropic virial estimator, M dyn = 2.8 × 10 5 FWHM 2 R 1/2 M (e.g. Spitzer 1987), where FWHM is the linewidth in km s −1 and R 1/2 is the half-light radius in kpc. Here we used [Cii] linewidth measurements wherever possible, otherwise CO(4-3) linewidth measurements were used. For sources best fit by double Gaussians, we treated each Gaussian separatlely and summed the results. For galaxies where we could not measure R 1/2 from our high-resolution data, we adopted R 1/2 = (1.5 ± 0.5) kpc, corresponding to the mean half-light radius of our sample. e Gas mass derived from our observations of CO: CO(4-3) luminosities were converted to CO(1-0) luminosities using a conversion factor of r 4,1 = 0.60 ±0.05, the average line strength ratio of SPT SMGs (Spilker et al. 2014) , and then we applied a scaling factor of α CO = 1 M /(K km s −1 pc 2 ). f Halo mass, obtained from gas mass using a scaling factor of 42.8 (Rennehan et al. 2019) , appropriate for galaxies with gas mass fractions of 0.7 and stellar mass-to-halo mass fractions of 0.01. Main core members are shown in blue and compared to a Gaussian distribution with the same standard deviation shown in magenta. Additionally, the three galaxies found in the northern region are shown added to the core histogram in yellow, and the three galaxies found in SPIREc are shown added to the core histogram in red. The cumulative distribution of all sources is shown in black.
Galaxy dynamical masses
An interesting comparison to make with the total protocluster core mass evaluated above is to look at the sum of the masses of the individual galaxies within the proto-cluster core. First, we probe the dynamical masses of the galaxies in our sample through their measured linewidths. To do this, we have adopted the isotropic virial estimator, which relates linewidths to radii using the equation
where FWHM is the linewidth in km s −1 and R is the half-light radius in kpc (e.g. Spitzer 1987) . We note that this equation assumes the gas to be dispersion-dominated, whereas the constant of proportionality can be different by a factor of a few for gas rotating in a disc inclined relative to the line-of-sight. In order to estimate dynamical masses we thus need linewidths and radii. For linewidths we use the results from our best-fitting Gaussian profiles of [Cii] emission (since most of the galaxies are detected in [Cii]), and for the galaxies for which we have no [Cii] data we use linewidths determined from fits to the CO(4-3) profiles. Next, we used the half-light radii measured from our continuum highresolution data when possible, and otherwise adopted the mean half-light radius of sample, R 1/2 = (1.5 ± 0.5) kpc (where the uncertainty is the standard deviation). Lastly, for sources best fit by double-Gaussian profiles, we treat each Gaussian separately and sum the two resulting masses to obtain the total dynamical mass -this assumes that double-Gaussian profiles are a result of two unresolved sources, as opposed to for example a rotating disc, consistent with the use of Eq. 2. Table 3 shows the results of this calculation.
We find that the sum of the dynamical masses of the galaxies within the core is 1.3 × 10 12 M ; this is less than the total core mass estimated through the velocity dispersion of 8 × 10 12 M , which is to be expected since we are only measuring the cores of the galaxies here, and there could be much more mass between the individual galaxies than we have detected. For comparison, if we use CO(4-3) linewidths for just those galaxies in the core where this line is detected, we find a total core mass of 1.4 × 10 12 M . However, only half the core galaxies are actually detected in CO(4-3), so the total core mass from this diagnostic should be about a factor of two larger; our dynamical mass estimates should therefore be treated as uncertain to within a factor of a few. The total dynamical mass of the galaxies found in the northern extension of the proto-cluster is 5 × 10 11 M , or approximately 3 times smaller than the core, and similarly we find the total mass of the galaxies in the SPIREc component is 3 × 10 11 M , or approximately 5 times smaller than the core.
Galaxy gas and halo masses
Another useful property we can derive is the gas masses of the individual galaxies within the proto-cluster structure. We calculate this property as follows: firstly, line luminosities were calculated in units of K km s −1 pc 2 (i.e. L units, see e.g. Solomon et al. 1997 ) using the equation
These were then converted to L CO(1−0) luminosities using a conversion factor of r 4,1 = 0.60 ±0.05, the average line strength ratio of SPT SMGs in Spilker et al. (2014) ; lastly, for simplicity, we adopt a conversion factor of α CO = 1 M /(K km s −1 pc 2 ) to obtain a gas mass. There are many values of α CO reported in the literature, ranging from Miller et al. (2018) shown in black and our new galaxies shown in magenta. Here the velocities are scaled by √ 3 as an estimate of the true 3-dimensional velocity. We note that statistical error bars are plotted here, but they are smaller than the symbol sizes. The estimated mass contained within 90 kpc (proper distance) is (9±5) × 10 12 M , and the two blue curves show the escape velocity (positive and negative) as a function of distance from this mass. The galaxies found in the northern component of the structure and in SPIREc have velocities outside of the region enclosed by these two curves are expected to be gravitationally unbound to the central mass. 0.5 to 5 (e.g., Bolatto 2015; Aravena et al. 2016; Bothwell et al. 2017) , which are typically used to estimate the gas mass in hydrogen, and one could also adopt another correction factor of 1.36 to include the gas mass of helium. Therefore, similar to our dynamical mass estimates, the gas masses derived here should be interpreted primarily as order-of-magnitude estimates, and multi-line analyses of the galaxies will follow in future work. Table 3 shows the resulting gas masses estimated using the procedure outlined above. Miller et al. (2018) presents observations of CO(2-1) within the core of SPT2349−56, and uses the results to independently derive the gas masses of these sources. These observations do not resolve individual sources, but instead should be representative of the total core gas mass, and can be used to verify the CO line strength conversion factor we have used. They find a total core gas mass of (1.8±0.2) × 10 11 M , and meanwhile we find that the sum of the gas masses within the core reach a total value of (2.9±0.2) × 10 11 M . However, the CO(2-1) data of Miller et al. (2018) is much shallower than our CO(4-3) data and may be missing a significant fraction of the total flux; nonetheless, the two measurements do provide consistent results to within a factor of 2.
The gas masses of galaxies should in turn be proportional to their stellar masses and corresponding halo masses. Rennehan et al. (2019) derives a scaling factor of 42.8 between gas mass and halo mass, assuming a gas mass fraction of 0.7 and a stellar mass-to-halo mass fraction of 0.01. We have applied this factor to the galaxies in our sample, and provide the results in Table 3 . For reference, the total halo mass of the core found here is 1.3 × 10 13 M . We note that this procedure treats the underlying dark matter distribution as the sum of individual halos, while the velocity dispersion method used above assumes that the individual galaxies are on orbits inside of a larger host halo.
Far-infrared properties
In Fig. 5 we show the ratio L [Cii] /L FIR as a function of L FIR for the galaxies in SPT2349−56. In this plot we compare our sample to galaxies between z = 5 and 6 from Capak et al. (2015) , between z = 4 and 6 from the ALPINE survey (Schaerer et al. 2020) , and between z = 2 and 6 from the catalogue of SPT lensed galaxies of Gullberg et al. (2015) for which good lensing models have been derived from Spilker et al. (2016) . These are amongst the largest samples of sources where similar far-infrared observations around z = 4 exist, and they also span an interesting luminosity range; the galaxies from Capak et al. (2015) and (Schaerer et al. 2020 ) are expected to be 'typical' star-forming galaxies and have lower luminosities, and meanwhile the SPT SMGs should represent a homogenous sample of bright and rare star-forming galaxies, having been selected from a blind 2500-deg 2 survey. For the ALPINE galaxies in this comparison, (Schaerer et al. 2020 ) provides infrared luminosities, L IR , which is the integral of the SED evaluated between 8 and 1000 µm; however, they report that the mean ratio of L IR /L FIR for their sample is 1.628, thus we have divided their infrared luminosities by this ratio in Fig. 5 . Similarly, Capak et al. (2015) provides L IR as opposed to L FIR , and we have simply divided their value by the same factor as they do not provide a mean L IR /L FIR fraction for their own sample.
A decreasing trend of L [Cii] /L FIR with increasing L FIR beyond L FIR = 10 11 L has been found in many surveys (e.g., Luhman et al. 1998; Graciá-Carpio et al. 2011; Farrah et al. 2013; Díaz-Santos et al. 2013) , including the surveys with which we compare our sample. There are similar trends in L [Cii] versus L FIR in all samples, especially in the highredshift samples, despite the fact that our sources are located not only at the same redshift but also within the same environment.
The L [Cii] /L FIR ratio has been considered a diagnostic for the identification of AGN candidates (e.g., Stacey et al. 2010) , where low L [Cii] /L FIR ratios ( 10 −3 ) are potentially correlated with AGN-powered systems. In the context of SPT2349−56, our data are uniquely sensitive to SMGs, and it has been proposed that these types of galaxies are tightly linked to AGN (e.g., Sanders et al. 1988; Tacconi et al. 2002; Veilleux et al. 2009; Simpson et al. 2012) . It is therefore possible that roughly half of the galaxies we have discovered so-far in this proto-cluster system contain an AGN, a greater fraction than what is observed in other galaxy cluster environments at lower (z 3) redshifts (e.g., Hart et al. 2011; Martini et al. 2013; Macuga et al. 2019 ). However, further observations targeting for example high-J CO lines and X-rays are required to confirm AGN activity in these galaxies.
In Fig. 5 we also show the FWHM of our sources as a function of L [CII] -for sources best fit by a double Gaussian, we show the FWHM obtained from forcing a single-Gaussian fit. Galaxies N2, N3, SPIREc1, SPIREc2, and SPIREc3 do not have Band 7 [Cii] data, and are excluded from this plot. On this plot we also show the three high-z samples from the literature described above. We find that the FWHM generally increases with increasing L [CII] , although with considerable spread, and that there is no discernible difference between the samples.
Number counts and luminosity functions
The SPT2349−56 region represents a significant overdensity in [Cii] emitters, so we do not expect the line luminosity function to be comparable to those estimated for the average universe. Nevertheless, to understand how overdense this region is compared to field regions, we estimate our space density of [Cii] emitters as follows. First, we restrict our analysis to include only sources with both Band 3 and Band 7 coverage, thus removing N2, N3, and all SPIREc sources. Second, we have estimate the normalization volume by calculating the area of our [Cii] maps (both the deep map of the core and the single pointing of the northern section) where the primary beam response was greater than 0.5, and for the depth we have used 1.8 Mpc (proper distance), which is the diametre of the sphere used to estimate the virial mass of the core in Section 4.2.1. The resulting proper volume is 0.1 Mpc 3 , and we use this to normalize our number counts. Fig. 6 shows the L [Cii] and L FIR cumulative and differential number counts of our sources in bins logarithmically spaced between 10 8 L and 10 10 L for L [Cii] , and between 10 11 L and 10 13 L for L FIR . In this figure we compare our L [Cii] cumulative number counts to models for the z = 4 L [Cii] luminosity function from Popping et al. (2016) and Lagache et al. (2018) . The volume normalizations from these models are about 6 orders of magnitude below our results, and we have scaled their counts by a factor of 10 6.3 in order to line up the model from Lagache et al. (2018) to our data at about 10 9 L . Lagache et al. (2018) find a scaling relation between L [Cii] and SFR (see Eq. 10 in their paper), which can be combined with the L FIR -SFR scale factor adopted here to obtain predictions for the L FIR luminosity function. We show these predictions alongside a measurement of the cumulative number count at z = 2 from a Herschel -PACS survey of the GOODS field (Magnelli et al. 2013) , scaled by a factor of 10 5.4 to again match our counts at about 10 12 L .
We can estimate the extent to which our counts are complete by looking at the detection thresholds from Section 3.2. The mean threshold from our search of the deep core data cube and our single pointing of the northern component is a S/N of 6, and the mean uncertainty in our L [Cii] measurements (estimated as the average of the uncertainties provided in Table 3 ) is about 0.5 × 10 8 L . By multiplying these two values we find that we expect to be complete down to L [Cii] ≈ 3 × 10 8 L ; we show this completeness limit as a red shaded region, and we note that this calculation assumes that all of our sources were selected from data with uniform sensitivity. The L FIR number count limit is roughly set by continuum detection; at 3.2 mm, the mean uncertainty is 6 µJy, and scaling this flux density to a far-infrared luminosity gives 5 × 10 11 L .
Unfortunately a proper comparison between these models and our data is quite difficult owing to the fact that we have surveyed a very small volume containing a known proto-cluster field, where we expect to find many sources, whereas the other works are for galaxies in the field. Nonetheless, our data provide the first statistically significant measurements of these luminosity functions at z > 4, and we can qualitatively compare their shapes to what is expected in the field; we find that the slope of the L [Cii] model given by Lagache et al. (2018) is consistent with our results, while the slope from Popping et al. (2016) is much 2015), selected as LBGs from the COSMOS field, z = 4-6 galaxies from the ALPINE survey (Schaerer et al. 2020, converted to L FIR using the mean L IR /L FIR ratio for their sample of 1.628), a sample of SPT lensed SMGs from Gullberg et al. (2015) , with de-magnification corrections from the lensing models of Spilker et al. (2016) steeper, and for the L FIR counts both of these models and the luminosity function from (Magnelli et al. 2013) at z = 2 are steeper than what we see in SPT2349−54. This observation, that the L FIR luminosity function is biased towards bright galaxies compared to what is predicted for field galaxies, may be a result of ongoing mergers within this proto-cluster. Mergers between galaxies are expected to boost SFRs (e.g., Tacconi et al. 2008; Engel et al. 2010; Luo et al. 2014; Chen et al. 2015) , and hence far-infrared luminosities, and there is growing evidence that mergers are more common in overdense regions such as proto-clusters (Lotz et al. 2013; Hine et al. 2016) . Additionally, N-body simulations using SPT2349−56 as the approximate initial conditions show that most of the core galaxies within this proto-cluster field should indeed merge within a timescale of about 100 Myr (Rennehan et al. 2019) , consistent with this interpretation.
Looking at the differential number counts in Fig. 6 , it appears as though we might be seeing a change in slope between low and high luminosity sources at a characteristic L . In order to investigate this, we use the maximum-likelihood approach to fit for model parameters, first described by Marshall et al. (1983) and later adopted by e.g. Wall et al. (2008) , modified to describe luminosity functions at fixed redshift, and we use the approximation that all sources were selected from maps of uniform depth. As opposed to the typical leastsquares approach, which depends on a choice of numbercount bins, the maximum-likelihood approach uses all of the available data, and is therefore desirable when the sample size is not large. Following Eq. 2 of Marshall et al. (1983) , we remove the redshift dependence of the model luminosity function, and minimize the following negative log-likelihood:
In this equation N is the sample size, φ(L) is the model luminosity function (in units of L −1 Mpc −3 ), V is the volume of the survey (here set to be 0.1 Mpc 3 ), and L a and L a are the luminosity limits of the sample, which we take to be between the completeness limit and the maximum luminosity in the sample. We test two models, a single power-law and a Schechter function, where the Schechter function contains a break at a characteristic L . We allow the normalization, slope, and characteristic luminosity (if present) to vary. The models are then assessed by calculating the final likelihood ratios with respect to the single power-law models. Lastly, parameter uncertainties are estimated by calculating 68 per cent confidence intervals of the marginalized posterior probability distributions of the parameters.
The results of this analysis are shown in Table 4 , and in Fig. 6 the functions are shown as shaded regions encompassing lower and upper limits of the optimal parametres. We find that for our L [Cii] number counts, a Schechter function is slightly favoured over the single-power law, while the opposite is true for the L FIR number counts, although we emphasize that in both cases the ratio of the likelihoods functions is still quite close to 1, meaning that the models are quite similar.
DISCUSSION
Spatial distribution
Based on our observations, we see three distinct components in SPT2349−56: the main central core, consisting of 23 gravitationally bound galaxies; a northern component containing one very bright galaxy and two satellites; and another small group of galaxies located about 2 Mpc in proper distance from the core. The central galaxies likely represent the early phases of brightest cluster galaxy (BCG) formation; indeed, N-body simulations with initial conditions approximately matching SPT2349−56 predict almost complete assimilation on a timescale of 100 Myr. This indicates that by redshift 3 a massive, BCG-like elliptical galaxy will al- Table 4 . Optimal model parameters for the luminosity functions shown in Fig. 6 . The models tested were a single power-law and a Schechter function, and the optimal parameters were obtained by minimizing the negative-log likelihood function given by Eq. 4; uncertainties in the parameters are 68 per cent confidence intervals of the marginalized posterior distributions. The top half of the table shows results for the L [Cii] luminosity function, and the bottom half of the table shows results for the L FIR luminosity function. The models were compared by calculating the final likelihood ratios.
a L was fixed to 5 and is not a free parameter of this model. Popping et al. (2016) and Lagache et al. (2018) ; an estimate for the L FIR luminosity function at z = 2 is shown from Magnelli et al. (2013) , and the models from Popping et al. (2016) and Lagache et al. (2018) have been scaled using the relation from Lagache et al. (2018) . Since our survey volume is quite small and centred on a known proto-cluster, the volume-normalization factors between these models and our observations are very different. We have thus scaled the L [Cii] models by a factor of 10 6.3 in order to line up the model from Lagache et al. (2018) to our data at about 10 9 L , and we have scaled the L FIR luminosity function from Magnelli et al. (2013) by a factor of 10 5.4 to line it up with our data at about 10 12 L . Right: Corresponding L [Cii] and L FIR differential number counts for the same sources. The shaded regions are single power-law and Schechter functions with parameters optimized to our data by minimizing the negative log-likelihood given by Eq. 4, encompassing lower and upper 68 per cent confidence interval limits of the optimal parametres. ready be in place at the core of this proto-cluster (Rennehan et al. 2019) . Our analysis suggests that the remaining two components will not merge with the core, but will instead become very massive galaxies embedded within the overall cluster.
There are several features that are immediately apparent regarding the spatial distribution of galaxies in SPT2349−56. First, despite the fact that our search of red Herschel sources only turned up one surrounding halo, the initial targets were very low S/N sources in the SPIRE data to begin with, and in fact did not show any significant 870µm emission in our LABOCA map. It is therefore possible that there could be other low S/N Herschel sources in this field that we have not yet targeted, but that are also at the same redshift as SPT2349−56 if this system is indeed a proto-cluster. Additionally, it should be emphasized that these (sub-)millimetre observations are only probing dusty, star-forming galaxies, and that many of the galaxies within the structure are probably much brighter at rest-frame optical wavelengths. Indeed, more than 10 robust Lymann-α emitters have been discovered in a dedicated MUSE followup of SPT2349−56, mostly outside the core region where we measure the strong SMG overdensity (Apostolovski et al. in prep.) .
Second, our large CO(4-3) survey of the region surrounding the main 870 µm LABOCA emission area did not uncover any new sources, despite the fact that sources were found in SPIREc. Our large CO(4-3) map spanned roughly 300-400 kpc in proper distance beyond this LABOCA emission area, corresponding to a surrounding proper volume of order 1 Mpc 3 , while the SPIREc group is located about 1.5 Mpc from the LABOCA region. The sensitivity to CO(4-3) line emission outside of the core LABOCA emission area is about 0.05 Jy km s −1 (also at the 1 σ level), or in terms of gas mass, 0.5 × 10 10 M . In this case the S/N threshold of our line search was 5.9, meaning that we can constrain the gas masses of potential sources surrounding SPT2349−56 to be < 3 × 10 10 M .
It is interesting to compare this gas mass limit to what one would expect from the galaxy main-sequence (MS). Using a gas-fraction of 0.7 (from Rennehan et al. 2019, us- ing the results of Narayanan et al. 2012 and Tadaki et al. 2019 , and used here to estimate halo masses), our gasmass sensitivity corresponds to a stellar-mass sensitivity of M < 1 × 10 10 M . Next, using the z = 3.8-4.9 MS relation from Pearson et al. (2018) , which is derived from a Herschel survey of the COSMOS field, the above stellar-mass limit corresponds to a SFR limit of < 100 M yr −1 . For comparison, the sensitivity of the large CO(4-3) map to 3.2 mm continuum emission outside of the core LABOCA emission area is roughly 10 µJy at the 1σ level, corresponding to a SFR of about 85 M yr −1 ; since we applied a continuum-detection S/N threshold of 5.0, this limits continuum sources to have SFRs < 425 M yr −1 .
Cluster mass of SPT2349−56
Next, we turn to the total mass of the proto-cluster SPT2349−56 as inferred from our new observations. We have estimated the mass of the core using the velocity dispersion of the core galaxies, and found a value of 9 × 10 12 M . This mass does not include the northern component of the proto-cluster nor SPIREc, and based on our total dynamical and gas/halo mass estimates, these components should be factors of 2-3 and 3-5 times smaller than the core, respectively. Thus, to within a factor of a few, we would expect that the total mass of SPT2349−56 to be roughly 10 13 M . Similarly, the total halo mass of all three components, as derived by scaling the total gas mass, is 2 × 10 13 M ; while there are large systematic uncertainties which have not been incorporated into this estimation, the results are consistent with what we get using the velocity dispersion.
So-far we have only probed the mass of SPT2349−56 within the central proper ∼ 500 kpc of the structure and down to a certain galaxy-mass limit, but we can estimate how much mass there is left out to about a Mpc using the stellar mass (from the gas mass) limit of our data. van der Burg et al. (2013) and Nantais et al. (2016) give best-fitting stellar mass functions for clusters at z = 1 and 1.5, respectively, within a circle of proper radius 1 Mpc, which closely matches our survey area. We estimate the total amount of stellar mass undetected in our proto-cluster using these two models by integrating them from 0 to 1 × 10 10 M ; since van der Burg et al. (2013) and Nantais et al. (2016) have not normalized their models, we divide the integrals by the number of clusters used to fit each model (10 and four, respectively) to get the mass for one cluster. This gives 5 × 10 10 M for the z = 1 stellar mass function, and 0.5 × 10 10 M for the z = 1.5 stellar mass function. Converting this back to gas mass using the same conversion factor we have used throughout, these masses correspond to 1-10 × 10 10 M . Our total gas mass of the core and the northern section of SPT2349−56 is 4.8 × 10 11 M (SPIREc is further than 1 Mpc), meaning that roughly 2-20 per cent of the gas mass remains undetected. We note that even if all this mass were contained within the central several hundred kpc of SPT2349−56, it would not dramatically increase the sum of the halo masses to become inconsistent with the mass from the velocity dispersion.
One important question to ask is what will be the final mass of SPT2349−56 at redshift 0, and whether we can locate examples of this final state to learn about the formation and growth of the most massive galaxy clusters. A study was carried out looking for massive merger events in the Multi-Dark Planck 2 (MDPL2; Riebe et al. 2013; Klypin et al. 2016 ) simulation, specifically, events where more than five halos of mass greater than 2 × 10 11 M entered the virial radius of a halo that is less than 20 times the mass of their sum, and then the final cluster mass was greater than 5 × 10 14 M (Rennehan et al. 2019) . It was found that about 10 per cent of clusters with present-day masses > 10 15 M formed through such a massive merger event at high redshift, and such an event is consistent with what we are observing with SPT2349−56. Another important feature of SPT2349−56 is it's rarity, being the brightest unlensed point source in the 2500 deg 2 of sky surveyed by SPT. It seems plausible that it will remain a rare object up until redshift 0, in correspondence with > 10 15 M galaxy clusters such as the Coma Cluster, continually accreting mass through mergers similar to what we are currently seeing with the northern component and SPIREc.
Star formation
We can determine the extent to which our observations have resolved the star-formation within SPT2349−56 by comparing the total 850 µm continuum flux density of our sources to the total 870 µm flux density measured by LABOCA. Our sources total (60.3 ± 0.4) mJy at 850 µm, compared to (110.0 ± 9.5) mJy at 870 µm seen by LABOCA, meaning that we have resolved only 55±5 per cent of the total star-formation. This is consistent with the fact that our CO(4-3) data covering the entire LABOCA 870 µm emission region is not sensitive to galaxies with SFRs below about 100 M yr −1 , and there could still be many more starforming galaxies under this limit.
It is important to recall that SPT2349−56 was initially selected because of its bright millimetre-wavelength flux density, and for objects selected this way it is the density of star formation (rather than stars or hot gas) that makes them stand out. To put this into context, in Fig. 7 we show the integrated SFR as a function of projected area from the centre of the proto-cluster, along with other proto-clusters containing spectroscopically-detected SMGs reported in the literature: the GOODS-N proto-cluster at z = 1.99 (e.g. Chapman et al. 2009 ); the COSMOS protocluster at z = 2. 10 Yuan et al. (2014) ; the MRC1138−256 proto-cluster at z = 2.16 (e.g. Dannerbauer et al. 2014) ; the PCLL1002 in the COSMOS field at z = 2.47 (e.g. Casey et al. 2015) ; the SSA22 proto-cluster at z = 3.09 (e.g. Umehata et al. 2015) ; the Dusty Red Core from the H-ATLAS survey at z = 4.00 (Oteo et al. 2018) ; and the concentration of SMGs around AzTEC-3 at z = 5.30 (Capak et al. 2011 ), around HDF850.1 at z = 5.18 (Walter et al. 2012) , and around GN20 at z = 4.05 (e.g. Hodge et al. 2013 ) -see Casey (2016) for more details. Here, for the other proto-clusters we have converted observed 870-µm flux densities to SFRs assuming a modified blackbody with T d = 39 K and an emissivity index of β = 2 (the same model applied to our sample), fixed at the redshifts reported in the papers. SPT2349−56 not only contains the largest integrated SFR seen in a proto-cluster field so far, but is also significantly more dense in terms of projected area.
We can convert points on this plot into SFR densities by assuming spherical geometry. The core of SPT2349−56 contains 23 galaxies within a projected proper radius of 150 kpc, and summing up the SFRs of these galaxies gives an SFR density of 3.7 × 10 5 M yr −1 Mpc −3 . Similarly, the three galaxies in the northern extent of SPT2349−56 lie within a projected proper radius of approximately 130 kpc and have a total SFR density of 2.9 × 10 5 M yr −1 Mpc −3 , while the three SPIREc galaxies are contained within a proper radius of 110 kpc and reach 1.1 × 10 5 M yr −1 Mpc −3 . The total LABOCA emission region (i.e. including the core and the northern clump) extends about 720 kpc in the North-South direction. Using a sphere of proper radius 360 kpc we can thus estimate a total SFR density of 0.4 × 10 5 M yr −1 Mpc −3 .
While the interpretation of this number is unclear, since the volume specified is somewhat arbitrary, this calculation at least provides a simple way to compare the star-formation densities we are observing with simulations. Indeed, it is clear that total SFRs and SFRs per unit volume are roughly an order of magnitude larger than what is seen in current simulations (e.g., Saro et al. 2009; Granato et al. 2015) , motivating further work into modelling star formation at high redshift in the most massive galaxy clusters.
SUMMARY AND CONCLUSION
We have used ALMA to resolve galaxies within SPT2349−56, the core of a massive galaxy proto-cluster at redshift 4.3. Initial single-dish submm observations revealed an extended structure covering several hundred kpc and containing over 10,000 M yr −1 in star formation, making this an incredibly active and rare structure at this epoch.
Our observations involved 850-µm pointings targeting the [Cii] line and 3.2-mm pointings targeting the CO(4-3) transition. Our data cover the entire single-dish flux density region detected by previous observations, and include the surrounding area out to about 400 kpc in proper distance and four nearby red Herschel -SPIRE sources. A blind line and continuum search revealed a total of 29 galaxies at redshift 4.3 and three continuum-only galaxies likely to be line-of-sight interlopers. From the line profiles we measured line strengths, linewidths, and line luminosities, and we used continuum flux-density measurements to constrain far-infrared luminosities and SFRs. SPT2349−56 resolves into a large central core containing 23 galaxies and a northern group located 400 proper kiloparsecs away containing three galaxies, while one of the red Herschel -SPIRE sources resolves into another group of three galaxies located about 2 Mpc (in proper distance) from the central region. Given the low S/N of the red Herschel -SPIRE sources selected for follow-up here, and given that none of these targets showed significant 870-µm emission in our LABOCA map, we argue that there could be many other sources at the same redshift as SPT2349−56 that are not yet detected in our current data. N-body simulations predict that the core galaxies will merge into a BCG, while an analysis of the distribution of line-of-sight velocities within the central region suggests that the remaining two groups are gravitationally unbound from the core system and will remain distributed within the overall galaxy cluster system.
We have estimated the mass of SPT2349−56 using several techniques. First, we looked at the velocity dispersion of the core galaxies, which suggests a mass of 9 × 10 12 M , and second, the sum of the halo masses of the constituent galaxies scaled from their gas masses is 2 × 10 13 M . Given the systematic uncertainties used to derive these quantities, we find the results to be in good agreement.
L [Cii] and L FIR cumulative and differential number counts were computed and compared to models and measurements of these luminosity functions for field galaxies at similar redshifts from the literature. As our observations target a known proto-cluster with many more sources compared to the field, the normalization factors of our number counts are many orders of magnitude larger than the previous works, but we can compare their shapes. We find that our L FIR number counts are biased towards the bright end compared to current models of high-z field galaxies, suggesting a possible boost in SFR during the proto-cluster assembly process. We also looked for evidence of a break in these luminosity functions by comparing single power-law models to Schechter functions using a maximum-likelihood ap-10 −4 10 −3 10 −2 10 −1 10 0 10 1 10 2 (7) AzTEC-3 (8) HDF850.1 (9) GN20 Figure 7 . Cumulative sums over radius, showing the total star-formation rate (SFR) as a function of circular area from the centre of SPT2349. The SFR derived from the total LABOCA flux is shown as the magenta star, and the spatial extent of the data presented in Miller et al. (2018) is shown as the dashed black line (although it is important to keep in mind that many new galaxies have now been found even below this line). Also shown are curves for other proto-clusters (1 - Chapman et al. 2009; 2 -Yuan et al. 2014; 3 -Dannerbauer et al. 2014; 4 -Casey et al. 2015; 5 -Umehata et al. 2015; 6 -Oteo et al. 2018 ) and groups (7 -Capak et al. 2011; 8 -Walter et al. 2012; 9 -Hodge et al. 2013 ) from the literature. SPT2349−56 not only contains the highest total SFR, but is also much more dense than the other proto-clusters shown here.
proach. We found a Schechter function provided the highest likelihood to our L [Cii] number counts, with a characteristic luminosity around 4 × 10 9 L , while our L FIR number counts are best described by a single power-law.
SPT2349−56 reaches a total SFR density of around 40,000 M yr −1 Mpc −3 , something that simulations are currently incapable of generating at high redshift. Future studies are therefore needed to understand the mechanisms responsible for producing such copious amounts of star formation at such an early epoch.
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APPENDIX A: SPECTRA
Here we show all 32 sources detected in our [Cii] and CO(4-3) observations of SPT2349−56. For each source, in the lefthand panel we show 3 × 3 arcsec cutouts, except for source C1, where we show a 4 × 4 arcsec cutout. Continuum images obtained by stacking all channels containing no line emission are shown in the background, and overlaid are corresponding continuum contours starting at 2σ and increasing in steps of 3σ. We also show line emission contours from stacking all channels between −3σ and 3σ (where σ is the standard deviation of the best-fitting linewidth), or for cases where two Gaussians was a better fit, between −3σ L and +3σ R , where σ L and σ R are from the left and right Gaussian fits, respectively. These contours also start at 2σ and increase in steps of 3σ.
In the righthand panels we show our continuumsubtracted spectra. Plotted overtop of the spectra is shown the best-fitting single or double Gaussian functions, or for the three cases, or for the three cases where no line is detected, a constant function with 0 amplitude. The shaded region ranges from −3σ to 3σ (or from −3σ L and +3σ R for double-Gaussian fits), corresponding to the range used to calculate line strengths. CO(4-3) spectra are not shown for sources C12 and C16 since they are completely blended with sources C3 and C13, respectively.
APPENDIX B: HIGH-RESOLUTION IMAGING
We provide continuum cut-outs of our sources obtained from the high-resolution Band-7 imaging. Line-free channels were determined from our deeper Cycle-5 data by fitting Gaussian profiles to each sources spectrum (see Section 3.4) and stacked. Sérsic profiles were fit to all sources detected in these images above 3σ, and half-light radii were estimated from the fits.
The left panels show these stacked images with contours starting at 2,3σ and increasing in steps of 3σ, with positions found in the Cycle 5 data shown as blue points and positions found from the Sérsic profiles shown as red points. The red bars indicated the sizes of the half-light radii resulting from the Sérsic profiles, and best-fitting half-light radii and Sérsic indices are shown in the top left. The middle panels show our Sérsic profile models, and the right panels show the residuals. For sources below 3σ, where did not attempt to fit Sérsic profiles, we leave the middle panel blank. We also note that source C7 resolves into a complicated structure, possibly a pair of merging galaxies, and we do not attempt to fit a Sérsic profile and measure a half-light radius for it. Figure A1 . Left: The background images are 3 × 3 arcsec cutouts (or 4 × 4 arcsec cutouts for source C1) of continuum images obtained by stacking all channels containing no line emission. Overlaid are continuum contours starting at 2σ and increasing in steps of 3σ, and line emission contours obtained by stacking best-fitting line emission channels (i.e. moment 0 maps), also starting at 2σ and increasing in steps of 3σ. Right: Continuum-subtracted spectra, with corresponding best-fitting constant, single Gaussian, or double Gaussian functions. The shaded region ranges from −3σ to 3σ (or from −3σ L and +3σ R for double-Gaussian fits, where σ L and σ L are the left and right Gaussians, respectively), which corresponds to the range used to calculate line strengths. MNRAS 000, 1-?? (2020) 
